Abstract. It is shown that the 16−dimensional Clifford algebra over any field has no one 15 −dimensional subalgebra. Canonical bases are used throughout the determination.
Let
be the n−dimensional vector space with its standard basis 1 , 2 , … , . The Clifford algebra over is the associative algebra whose generators are = 1 2 … for each possible index = ( 1 2 … ) that is a subset of {1,2, …, n} with 1 < 2 < ⋯ < . It follows that (as a vector space) the dimension of the Clifford algebra over is 2 . The multiplicative identity element of the Clifford algebra is ∅ . It is also denoted by 0 and 1; and, it has the following property 0 = 0 = , 0 0 = 1. The vectors 1 , 2 , … , are included in the generators of the Clifford algebra (via index sets A with k = 1) and the products of these particular vectors satisfy the following conditions = − , ( ≠ ), and 2 = −1, where , = 1,2, … , .
As mentioned, the multiplication operation of the Clifford algebra is associative, so ( ) = ( ) for any elements , , of the Clifford algebra. An arbitrary element of the Clifford algebra over is AA A a a e   , using all indices = ( 1 2 … ), where the coefficients are numbers from some field. We denote the Clifford algebra over by (n, ) , when the coefficients are numbers from a given field . For more information about Clifford algebras, see, for example, [1] .
Classification of subalgebras is a fundamental way to gain understanding of any algebra. What can we say about subalgebras of the Clifford algebra (n, )? First, it is easy to see that the Clifford algebra (n, ) is a 2 −dimensional subalgebra of the 2 + −dimensional Clifford algebra (n+k, ) with ≥ 0. This leads to the more general and equally obvious statement.
Lemma. If is a subalgebra of
−dimensional Clifford algebra (n, ), then is also a subalgebra of + −dimensional Clifford algebra (n+k, ), where ≥ .
A lot of properties of Clifford algebras have been established, and some concern subalgebras. For example, equal rank subalgebras are discussed by E. Meinrenken in his book [2] . An answer to the following question would be real progress in the analysis of Clifford algebras: Does the Clifford algebra (n, ) have −dimensional subalgebras for 2 −1 < < 2 ? This article answers the question for the case =15, =4 by demonstrating the following result:
Theorem. No one 15−dimensional subalgebra exists in the −dimensional Clifford algebra (4, ) over any field .
Proof. For simplicity, the following notation will be used for the generators of (4, ) :
Products of the generators of (4, ) are recorded in the following tables: Every 15-dimensional subalgebra of (4, ) is a subspace of (4, ) and hence is associated with exactly one of these 16 canonical bases for some choice of the parameters . To determine which subspaces of (4, ) are subalgebras, we use the well-known fact, that a subspace ℎ of (4, ) is a subalgebra of (4, ) if and only if ∈ ℎ for any two elements ∈ ℎ and ∈ ℎ. So, for each of the 16 canonical bases we find all products for , = 1, 2, 3, … , 15, and then determine whether or not all products are in ℎ = { 1 , 2 , 3 , … , 15 }. Specifically, for each of the 16 canonical bases we find all products for , = 1, 2, 3, … , 15, and then determine whether or not 1 , 2 , 3 , … , 15 exist in so that = 1 1 + 2 2 + 3 3 + ⋯ + 15 15 . The solutions to this equation are found by expressing each in terms of generators of (4, ) and then equating the coefficients from each side of the equation for corresponding generators. This technique either a) establishes conditions on the parameters for a solution for the to exist or b) establishes that there is no solution. In case a) a subalgebra of (4, ) is associated with the canonical basis. In case b) no subalgebra of (4, ) is associated with the canonical basis.
Basis (1) According the result 3,16 = 0 that was found before, we obtain 14,16 14,16 = −1. This property of 14,16 contradicts to 14,16 = 0, and according this fact we have to say that no 15-dimensional subalgebra is generated by Basis (1) Finally, 2,15 = 1 or 2,15 = −1.
According our results for products 2 6 , 6 2 , we can determine that 3,15 = 0. The following two products 3 6 and 6 3 play the crucial role for Basis (2) . Find them. 1234 1234 = 1 can not be written as 1 1 with these nonzero components 1, 14 . As a fact, we will consider the only case 1,14 = 0 in our evaluation below. Start to compute products , , = 2,3, … 15. 11 11 + 15 15 . So, 1 = 2,14 3,14 , 6 = 1, 11 = − 3,14 , 15 = 2,14 , and 6,14 − 3,14 11,14 = 0. Vice versa, 3 2 = ( 2 + 3,14 134 )( 1 + 2,14 134 ) = − 12 − 2,14 1234 − 3,14 34 + 2,14 3,14 = 1 1 + 6 6 + 11 11 + 15 15 . So, 1 = 2,14 3,14 , 6 = −1, 11 = − 3,14 , 15 = − 2,14 , and − 6,14 − 3,14 11,14 = 0. Last two equations produce the following results 6,14 = 0, 2,14 11,14 = 0. 3,14 = 0, 6,14 11,14 = 0.
Our evaluation shows that 3,14 = 0, 4,14 = 0, 5,14 = 0, 6,14 = 0, 7,14 = 0, 8,14 2, 13 , and 2 2,13 10,13 = 0. It means that 2,13 = 0 or 10,13 = 0. 2 3 = ( 1 + 2,13 124 )( 2 + 3,13 124 ) = 12 − 3,13 24 + 2,13 14 + 2,13 3,13 = 1 1 + 6 6 + 8 8 + 10 10 . So, 1 = 2,13 3,13 , 6 = 1, 8 = 2,13 , 10 = − 3,13 , and 6,13 + 2,13 8,13 − 3,13 10,13 = 0. Vice versa, 3 2 = ( 2 + 3,13 124 )( 1 + 2,13 124 ) = − 12 + 2,13 14 − 3,13 24 + 2,13 3,13 = 1 1 + 6 6 + 8 8 + 10 10 . So, 1 = 2,13 3,13 , 6 = −1, 8 = 2,13 , 10 = − 3,13 , and − 6,13 + 2,13 8,13 − 3,13 10,13 = 0. Last two equations produce the following results 6,13 = 0, 2,13 8,13 − 3,13 10,13 = 0.
2 4 = ( 1 + 2,13 124 )( 3 + 4,13 124 ) = 13 − 4,13 24 − 2,13 1234 + 2,13 4,13 = 1 1 + 7 7 + 10 10 + 15 15 . So, 1 = 2,13 4,13 , 7 = 1, 10 = − 4,13 , 15 = − 2,13 , and 7,13 + 4,13 10,13 = 0. Vice versa, 4 2 = ( 3 + 4,13 124 )( 1 + 2,13 124 ) = − 13 − − 4,13 24 + 2,13 1234 + 2,13 4,13 = 1 1 + 7 7 + 10 10 + 15 15 . So, 1 = 2,13 4,13 , 7 = 1, 10 = − 4,13 , 15 = − 2,13 , and 7,13 − 4,13 10,13 = 0. Last two equations produce the following results 7,13 = 0, 4,13 10,13 = 0.
2 12 = ( 1 + 2,13 124 )( 123 + 12,13 124 ) = − 23 − 12,13 24 + 2,13 34 + 2,13 12,13 = 1 1 + 9 9 + 10 10 + 11 11 . So, 1 = 2,13 12,13 , 9 = −1, 10 = − 12,13 , 11 = 2,13 , and − 9,13 − 12,13 10,13 + 2,13 11,13 = 0. Compute 12 2 = ( 123 + 12,13 124 )( 1 + 2,13 124 ) = − 23 − 12,13 24 − 2,13 34 + 2,13 12,13 = 1 1 + 9 9 + 10 10 + 11 11 . So, 1 = 2,13 12,13 , 9 = −1, 10 = − 12,13 , 11 = − 2,13 , and − 9,13 − 12,13 10,13 − 2,13 11,13 = 0. Last two equations produce the following results 9,13 = − 12,13 10,13 , 2,13 10,13 = 0.
2 13 = ( 1 + 2,13 124 )( 134 ) = − 34 − 2,13 23 = 9 9 + 11 11 . So, 9 = − 2,13 , 11 = −1, and − 2,13 9,13 − 11,13 = 0. Compute now 13 2 = ( 134 )( 1 + 2,13 124 ) = − 34 + 2,13 23 = 9 9 + 11 11 . . So, 9 = 2,13 , 11 = −1, and 2,13 9,13 − 11,13 = 0. Last two equations produce the following results 11,13 = 0, 2,13 9,13 = 0. 2 14 = ( 1 + 2,13 124 )( 234 ) = 1234 + 2,13 13 = 7 7 + 15 15 . So, 7 = 2,13 , 15 = 1, and 2,13 7,34 = 0. Product 14 2 generates the same equation.
2 15 = ( 1 + 2,13 124 )( 1234 ) = − 234 − 2,13 3 = 4 4 + 14 14 . So, 4 = − 2,13 , 14 = −1, and 2,13 4,13 = 0.
Our evaluation shows that 3,13 = 0, 4,13 = 0, 5,13 = 0, 6,13 = 0, 7,13 = 0, 8,13 = 0, and 11,13 = 0 in particular. Compute now the following product 5 6 = 4 12 = 124 . But this element 124 can not be written as a linear combination of vectors from the Basis (4). It means that basis (4) doesn't generate any 15-dimensional subalgebra in this 16-dimensional Clifford algebra. − 1) = 0. Therefore, 1,12 = 0, or 1,12 = 1, or 1,12 = −1. Last two cases, 1,12 = 1 and 1,12 = −1, are impossible because the product 15 15 = 1234 1234 = 1 can not be written as 1 1 with those nonzero components 1, 12 . As a fact, we will consider the only case 1,12 = 0 in our evaluation below. Start to compute all products , , = 2,3, … 15. A lot of products produce element 1 or −1 like 1 1 = 1 1 = −1. But element 1 is not located in the subspace generated by Basis (16) . It means that Basis (16) doesn't generate any 15-dimensional subalgebra in the given 16-dimensional Clifford algebra.
The proof of the Theorem is finished.
